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Abstract. We exhibit the first example of a knot K in the three-sphere with a pair of 
minimal genus Seifert surfaces Ri and R2 that can be distinguished using the sutured 
Floer homology of their complementary manifolds together with the Spin'^-grading. This 
answers a question of Juhasz. More precisely, we show that the Euler characteristic of 
the sutured Floer homology distinguishes between Ri and R2 , as does the sutured Floer 
polytope introduced by Juhasz. Actually, we exhibit an infinite family of knots with 
pairs of Seifert surfaces that can be distinguished by the Euler characteristic. 

1. Introduction 

Let K be an oriented knot in the three-sphere S^. Then K is the oriented boundary 
of at least one connected compact oriented surface in caUed a Seifert surface for K. 
Two Seifert surfaces i?i and R2 of a knot are considered to be equivalent if they are ambient 
isotopic in the knot complement. There are a number of invariants that provide obstructions 
to two Seifert surfaces being equivalent; possibly the first two that come to mind are the 
genus of the surface and the fundamental group of the surface complement. In general, any 
invariant of the surface complement offers an obstruction to the equivalence of Ri and i?2- 
Given a Seifert surface R, the complement S^{R) := \Int(i? x /) together with the curve 
dR X {1/2} on the boundary is a type of 3-manifold called a balanced sutured manifold. 
Therefore, it is reasonable to investigate the possibility of using sutured Floer homology, an 
invariant of balanced sutured manifolds introduced by Juhasz |Ju06] , to distinguish between 
equivalence classes of Seifert surfaces. 

Sutured Floer homology associates to a given balanced sutured manifold (M, 7) a finitely 
generated bigraded abelian group denoted by SFH{M, 7). The group SFH{M, 7) is graded 
by the relative Spin*^ structures s € Spin'^(M, 7), and has a relative Z2 grading. The support 
of sutured Floer homology gives rise to the sutured Floer polytope P{M, 7) , defined in |JulOa) , 
which is a polytope in H^{M,dM;'R). 

Suppose R is any minimal genus Seifert surface for a knot in S^. Then Juhasz showed 
that SFH{S^{R)) is a knot invariant | Ju08j : that is, the top term of knot Floer homology 
|OS04b[ lRa03) is isomorphic to the sutured Floer homology of the complement: 

SFH{S^{R)) = HFK{K,gemis{R)). 

As the isomorphism is in terms of ungraded abelian groups, it is interesting to ask whether 
the extra structure, given by the Spin'^ grading of SFH{S^{R)), enables sutured Floer 
homology to distinguish between two minimal genus Seifert surfaces. 

Problem 1. [JulObl Problem 2] Is th ere a knot K in that has two minimal genus Seifert 
surfaces Ri and R2 that can be distinguished using SFH(S'^{Ri)) together with the Spin'^- 
grading? Is there an example where the sutured Floer homology polytopes of S^{Ri) and 
S^{R2) are different? 

Until now research has provided evidence to suggest that the answer to both question is 
no. For example, the first obvious place to investigate these ideas are small knots. Indeed, in 
|FJR10[ Ex. 8.6] the authors compute SFH{S^{R)) for R ranging through the minimal genus 
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Seifert surfaces for knots with less than 10 crossings. These smah knots have either a unique 
minimal genus Seifert surface, or all of their minimal genus Seifert surfaces can be identified 
with Murasugi sums of bands. However, Juhasz showed that the sutured Floer homology of 
the complement of a Murasugi sum is the tensor product of the sutured Floer homology of 
the complement of each summand jJuOSi Cor. 8.8]. It is immediate from |JulOa[ Prop. 5.4] 
that the relative Spin^ grading of the tensor product is independent of how the surfaces were 
summed. Thus, all surfaces arising from Murasugi sums (and even dual Murasugi sums) 
of the same summands cannot be distinguished even by the Spin'^-graded sutured Floer 
homology group. 

The aim of this article is to give an affirmative answer to both questions posed in Problem 
[T]by exhibiting examples of the phenomena. Our examples come from a family of knots that 
were studied by Lyon |Ly74| ; see Figured] Indeed, we show that even the Euler characteristic 
xSFH of sutured Floer homology distinguishes between two Seifert surfaces for each of these 
knots. 

Theorem 1. There are infinitely many knots with the property that each knot has two 
minimal genus Seifert surfaces Ri and R2 such that 

xSFH{S^Ri)) 7^ xSFH{S^{R2)). 

Moreover, for at least one of these knots the sutured Floer polytopes P{S^{Ri)) and P(S^{R2)) 
are such that there exists no affine isomorphism of H'^{M,dM]M.) taking one polytope to 
the other. 

Here the symbol '7^' is used to mean the negation of an appropriate equivalence relation 
(see end of Section [2]). 




Figure 1. One of the knots studied by Lyon |Ly74[ Fig. 1]. 

We prove the first statement of Theorem [T] by applying the work of Friedl, Juhasz and 
Rasmussen in |FJR10] . where they give a way of finding the Euler characteristic using 
Fox calculus. Let (M, 7) be a balanced sutured manifold. Then after an identification of 
Spin'^(M, 7) with Hi{M;Z) (see subsection 2.2 for more details), the Euler characteristic 
XSFH{M, 7) can be identified with a type of Turaev torsion polynomial denote by t{M, 7) 
|FJR101 Sec. 3]. Here the sutured torsion t{M, 7) is a well-defined element of the group ring 
Z[Ifi(M)] up to multiplication by units of the group ring. The sutured torsion has similar 
properties to that of the classical Alexander polynomial, and so T(Af, 7) can be thought of 
as the generalisation of the Alexander polynomial to sutured manifolds. 

For the second statement of Theorem [TJ we compute the sutured Floer homology and 
polytopes for one particular knot and two of its Seifert surfaces. Firstly, for each knot 
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that we study, the considered Seifert surfaces Ri and R2 are disjoint. Moreover, the two 
sutured manifolds, X and Y, obtained by cutting the knot exterior along Ri and R2 are 
handlebodies of genus two. Secondly, we are able to find a particular knot, for which 
there is disk decomposition of X and Y along a product disk. The latter gives us a way 
of explicitly computing the sutured Floer homology groups SFH{X) and SFH{Y) (see 
Propositions [2] and 131). Then the groups SFH{S^{Ri)) and SFH{S^{R2)) are the tensor 
product SFH{X) ® SFHiY) jJuOSi Prop. 8.6], where the Spin^ grading can be derived 
from the appropriate Mayer- Vietoris maps on the level of the first homology groups [JulOal 
Prop. 5.4]. Observe that this method allows us to compute the top term of knot Floer 
homology of a rather complicated knot — something which would be significantly harder to 
do directly. 

Lastly, it is important to note that in order to solve Problem [TJ in Theorem [T] we use only 
the Spin*^ grading of the sutured Floer homology. Therefore, our result is independent of any 
auxiliary data, in comparison to the work of Hedden, Juhasz, and Sarkar |H JS08| . who show 
the nonequivalence of two Seifert surfaces i?i and R2 of the knot 83 using sutured Floer 
homology methods together with properties of the Seifert form. They prove that there 
is no map ct: Spin'^(S'^(-Ri)) — > Spin'^(S'^(_R2)) that induces an isomorphism of sutured 
Floer homology groups for every relative Spin"^ structure, and that is compatible with an 
isomorphism Hi{S^{Ri)) — Hi{S^{R2)) which preserves the Seifert form. 

Section [2] covers some preliminary definitions and explains the method for computing 
the Euler characteristic via Fox calculus. Section [3] contains the computations and proof of 
Theorem □ 
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2. Preliminaries 

To begin with, let us set up some conventions. Given a space X, we denote by H^,(X) 
the homology group with integer coefficients H^,{X; Z). Further, we write to mean the 

Euler characteristic x{H*{X)). Lastly, for K a submanifold of M denote by N{K) a regular 
neighbourhood of K in M. 

2.1. Sutured manifolds. The notion of a sutured manifold (M, 7) was first defined by 
Gabai (Ga83j . Here we give a less general definition that is suited to thinking about a 
particular class of so-called balanced sutured manifolds defined by Juhasz [Ju06 . 

Definition 1. A sutured manifold (M, 7) is a compact oriented 3-manifold M with bound- 
ary, together with a set 5(7) of oriented and pairwise disjoint simple closed curves in dM 
called sutures, which satisfy two conditions. The first condition is that each component of 
dM must contain at least one suture. Fix a neighbourhood 7 of the sutures in dM that con- 
sists of a pairwise disjoint collection of annuli. The second condition is that every component 
R of the surface dM \ Int(7) must be orientable in such a way that the induced orientation 
on each component of dR represents the same homology class as the corresponding suture 
in Hii^j). 

Let R{j) be the exterior of the sutures in the boundary of M, that is, R{j) := 9A/\Int(7). 
Now each component of R{'y) has two orientations: one induced by the orientation of M, and 
one compatible with the orientation of the sutures. Denote by R+^j) the set of components 
of i?(7) on which the two orientations match, and denote by i?_ (7) the set of remaining 
components. 
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Definition 2. A sutured manifold {M, 7) is said to be balanced if it has no elosed eomponents 
and if there is an equahty of Euler characteristics x{R+{j)) — xi^^-il))- 

Remark 1. Our definition of a balanced sutured manifold is equivalent to that of Juhasz 
[HuOBl Def.2.1]. 

In particular, given a Seifert surface R, the complement S^{R) is a balanced sutured 
manifold with a single suture 5(7) := dR x {i} and a single annular neighbourhood 7 := 
dR X /. We refer to {S^{R),'-f) as the sutured manifold complementary to R. Actually, 
since i?-|_(7) consists of one component only, S'^{R) is strongly balanced [Ju08[ Def. 3.5]. A 
balanced sutured manifold (M, 7) is strongly balanced if for each component F of dM, we 
have the equality x{F n R+ij)) ^ x(F n i?_(7)) [JuOSl Def. 3.5]. The fact that S^{R) is 
strongly balanced becomes relevant later, as the sutured Floer polytope is only defined for 
strongly balanced sutured manifolds. 

Next, we describe an operation on sutured manifolds that leaves the sutured Floer ho- 
mology unchanged. Suppose (M, 7) is a balanced sutured manifold, and D is a properly 
embedded disc in AI, such that \D n 3(7) | — 2 and dD n 7 consists of essential arcs. Choose 
a regular neighbourhood N{D) :— D x [0, 1] such that dD x [0, 1] C dM. Denote by 
J5_|_ := D X {0} and £)_ := D x {!}. Then the product decomposition of (M, 7) along D is 
an operation on M which results in another balanced sutured manifold (M',7') defined by 

M' := M\D X (0,1), 

7' (7nM) U (iV(D+) ni?_(7)) U {N{D^) n R+{j)) . 

We use product decomposition in the proof of Theorem [1] and we denote it by 

(M,7) (Af',7')- 

Proposition 2. [Ju06[ Lemma9.13] Suppose (M, 7) is a balanced sutured manifold, and 
there is a product decomposition (M, 7) -^^ (M',7'). Then SFH{M,"f) = SFH{M',Y). 

Product decomposition is a useful operation when computing the sutured Floer homology 
of a specific sutured manifold. In particular, in the proof of Theorem[l] we have handlebodies 
of genus two with a single suture, and each of the handlebodies can be product decomposed 
into a solid torus with two sutures on the boundary. The sutured Floer homology of x 
with any collection of sutures is already known; see Proposition [3] 

2.2. Relative Spin'^ structures and the sutured Floer polytope. Every balanced su- 
tured manifold (M, 7) has an associated space of relative Spin'^ structures Spin^(M, 7); we 
define relative Spin'^ structures in the following paragraph. For each s € Spin'^(M, 7) there is 
a well-defined abelian group SFH{M,^,s) jJu06j . and the direct sum of these groups forms 
the sutured Floer homology of (Af, 7). That is, 

SFH{M,j)^ SFH{M,j,s). 

seSpin'=(A/,7) 

Juhasz computed the sutured Floer homology of (M, 7) when M is the solid torus. We use 
this in the proof of Theorem [T] to compute the polytopes. Let T{p,q;n) be the balanced 
sutured manifold (M, 7), where M is a solid torus, and the sutures are n parallel (p, q) torus 
knots. Here p denotes the number of times the curve on DM goes around in the longitudinal 
direction. Note that n has to be even. 

Proposition 3. jJulOai Prop. 9.1] Suppose that T{p, q; n) is as described above, and suppose 
that n = 2fc + 2, for some nonnegative integer k. Then there is an identification 

Spin'^(T(p, q; n)) = Z 

such that the following holds 

SFH{T{p,q;n),i) = i ■ 

10, otherwise. 
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The following definition of relative Spin'^ structures originates from Turaev's work [Tu90) . 
but in the current phrasing comes from |Ju06| . 

Fix a Riemannian metric on (M, 7). Let vq denote a nonsingular vector field on dM that 
points into M on R-ij) and out of M on R+^j), and that is equal to the gradient of the 
height function 5(7) x / — > / on 7. The space of such vector fields is contractible. 

A relative Spin*^ structure is defined to be a homology class of vector fields w on M such 
that v\qm is equal to vq. Here two vector fields v and w are said to be homologous if there 
exists an open ball B C Int(Af) such that v and w are homotopic on M \ B relative to 
the boundary. There is a free and transitive action of Hi{M) on Spin^(M, 7) given by 
Reeh turhulization [Tu90[ p. 639]. This action makes the set Spin'^(M, 7) into an Hi{M)- 
torsor. From now on, we call a map t: Spin'^(M, 7) — > Hi{M) an affine isomorphism if 
L is an i7i(Af )-equivariant bijection. Note that i is completely defined by which element 
s e Spin''(M, 7) it sends to G Hi{M) (or any other fixed element of Hi{M)). 

The perpendicular two-plane field is trivial on dM if and only if (M, 7) is strongly 
balanced |Ju08[ Prop. 3.4]. Suppose that (M, 7) is strongly balanced. Let i be a trivialisation 
of . Then there is a map dependent on the choice of trivialisation, 

ci(-,i): Spin'^ (M, 7) -> i/2(M,9M), 

where ci(s,i) is defined to be the relative Euler class of the vector bundle — > M with 
respect to a partial section coming from a trivialisation t. So ci(s, t) is the first obstruction 
to extending the trivialisation t of to a trivialisation of . Here w is a vector field on 
M representing the homology class s. 

We now have all the ingredients required to define the sutured Floer polytope. Let 
S{M, 7) be the support of the sutured Floer homology of (M, 7). That is, 

S'(M,7) := {s e Spin'=(M,7): SFH{M,j,s) ^ 0}. 

Consider the map i : H^{M, dM ; Z) H'^{M, dM ; R) induced by the inclusion Z ^ R. For 
t a trivialisation of Vq , define 

C{M,j,t) {ioci{s,t) : s G S{M,j)} C H^{M,dM;R). 

Then the sutured Floer polytope P{M, 7, t) with respect to t is defined to be the convex 
hull of C{M,'y,t). Finally, we have that ci(s,ii) — Ci(s,t2) is an element of H'^{M,dM) 
dependent only on the trivialisations ti and t2 [JulOal Lem. 3.11], and therefore we may 
write P{M,j) to mean the polytope in H'^{M,dM;M.) up to translation. 

Remark 2. It is important to note that ci "doubles the distances." Namely, the map 
PDoci: Spin'=(M, 7) Hi{M) is equal to 2l: Spin'=(A'/, 7) -ffi(M), where t is an affine 
isomorphism |Tu90[ 5.3.1 Thm]. Thus, we can compare two polytopes by comparing the 
ratios of their side lengths, since the ratios remain the same under affine isomorphisms and 
doubling. 

2.3. Sutured torsion. Each of the groups SFH{M,'y,s) has a relative Z2 grading, which 
is made into an absolute Z2 grading by choosing an orientation w of the vector space 
iJ*(M, i?_(7);R). Then, for every relative Spin'^ structure s, the Euler characteristic 
xSFH{M,'y,s) is well-defined with no sign ambiguity. Theorem 1 of |FJR10j tells us that 
the Euler characteristic with respect to the orientation w, denoted by xSFH{M,'y,s,uj), 
is a function T^^M^-y.Lu)- Spin'^(M, 7) — > Z that can be thought of as the maximal abelian 
torsion of the pair (M, i?_(7)), in the sense of Turaev [TuOlj . Fixing an affine isomor- 
phism (.: Spin'^(M, 7) Hi(M) lets us collect all of these functions into a single generating 
function 

r(M,7):= ^ T(m,^^„)(s) • /.(s). 

5eSpin'=(M,7) 

We refer to r(M, 7) as the sutured torsion invariant. 

In the case when (M, 7) is a manifold complementary to a Seifert surface we drop the 
reference to 7 and write just t(M) to mean r(M, 7). Note that t{M, 7) is an element of the 
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group ring Z[i?i(M)], and that it is well-defined up to multiplication by an element of the 
form zth, where h G Hi{M). We can extend the affine isomorphism l linearly to a map on 
the group rings denoted by the same letter i: Z[Spin'^(M, 7)] Z[i/i(M)]. Then 

T{M,-i) = i{xSFH{M,-i)). 

Remark 3. Notice that the abelian group Hi{M) is thought of as a multiplicative group; 
hence the notion of being well-defined up to multiplication by an element. Specifically, if 
/ = ±h ■ g, for elements /, g of the group ring Z[iJi(Af )], then we use the notation f ^ g. 

Finally, let us describe how to compute the torsion t(M, 7) of a given irreducible bal- 
anced sutured manifold (M, 7) with connected subsurfaces -R±(7). Fix a basepoint p G 
R-{'-f). Then Proposition 5.1 of [FJRlOj tells us how to compute the torsion from the map 

: TTi (7) , p) ni{M,p) induced by the natural inclusion k: R-ij) ^ M. 

First, take a geometrically balanced presentation of 7ri(M, p); that is, a presentation 

TTi{M,p) = (ai, . . . ,a„i|ri, . . . ,r„), 

where the deficiency of the presentation m — n is equal to the genus g{dM) of the boundary 
of M. 

Obtaining a geometrically balanced presentation is not hard. Any balanced sutured 
manifold (M, 7) can be reconstructed in a standard way from a balanced sutured diagram 
(I],a,,9) [Ju06l Prop. 2.14], where E is a surface with boundary, and each of a and /3 is a 
set containing the same number of pairwise disjoint simple closed curves. To recover (M, 7), 
thicken S to E x [0, 1], regard a as curves on S x {0}, and (3 as curves on E x {1}. Then 
attach 2-handles along a. and /3 to obtain M with sutures 9E x {1/2}. 

Suppose that we picked the orientations so that i?_ (7) is the component of the boundary 
on "the bottom" that includes the boundaries of the 2-handles attached to a. Note that the 
2-handles attached to a are precisely the 1-handles attached to i?_ (7) . Then the generators 
of the free group 7ri(i?_(7),p) and the cores of the 1-handles attached to R-{j) are a 
generating set for 7ri(M, p); the cores of the 2-handles attached to (3 give the relations of 
7ri(M, p) in these generators. Therefore, the deficiency of this presentation is equal to the 
number of generators of 7ri(i?_(7),p): say this number is I. Finally, as M is balanced, I is 
precisely equal to the genus of dM. 

Let 7ri(i?_(7),p) :— (ai, . . . , cr;). Then the images of aj under the map are words in 
the generators Ui of tti{M,p). In later sections, we abuse notation and refer to K*((Tj) as (Jj. 
Now we can form the square matrix of Fox derivatives 



dai , 



where (p: Z[7ri(Af,p)] — > Z[ifi(Af)] is the map induced by the abelianization of the funda- 
mental group. 



Remark 4. We use the convention that the Fox derivative is computed left-to-right. For 

d 

dai 



example, take words u,w Z[ki{M,p)] and apply the Fox derivative jp-: Z[7ri(Af,p)] — > 



Z['Ki{M,p)] to uw. Then 



diuw) du dw 
- —&ng{w)+u—, 



dai dai dai 
where aug: 'L['Ki{M,p)] — > Z is the augmentation map. 

Proposition 4. [FJRIOI Prop. 5.1] Let (Af, 7) be a balanced sutured manifold such that M 
is irreducible and the subsurfaces i?±(7) are connected. Then 

t{M,j) = detOA/. 

In particular, Proposition 0] can be applied in the case of a sutured manifold complemen- 
tary to a minimal genus Seifert surface of a knot in . 

Lastly, let us say what it means for two sutured torsion polynomials ri :— t(A/i,7i) S 
Z[iJi(A/i)] and T2 :— t(M2,J2) G ^[-^1(^-/2)] to be equivalent. Note that the only relevant 
choices that we have made is that of the affine isomorphism : Spiif{Mi,ji) — )■ Hi{Mi), 
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for i = 1,2. Therefore, the two sutured torsion polynomials are equivalent ti ~ T2 if there is 
an afhne isomorphism ip: Hi{Mi) Hi{M2), which extends hnearly to a map on the group 
rings, such that '0(ri) = T2. Also, we say that xSFH{Mi,ji) is equivalent to xSFH{M2, 72) 

if Ti ~ T2. 

3. The example 

Lyon's paper |Ly74| is part of a series of papers in the 70's that aimed to produce examples 
of knots with nonisotopic Seifert surfaces. The first few papers by Alford, Schaufele, and 
Daigle |A1701 IAS70[ IDa73) all give various infinite families of such examples. Some of these 
families have readily computable sutured torsion invariants, and it turns out that the sutured 
torsion does not distinguish between Seifert surfaces in these cases. However, as we will see 
in this section, the examples in Lyon's paper can be distinguished by their sutured torsion. 

3.1. The knots. The following construction is taken from |Ly74[ pp. 1-2]. Let k be the 
(3,4) torus knot on the torus T. Let A be a tubular neighbourhood of k on T, depicted on 
Figure [TJ Denote by A' the closure of the complement T\ A. The boundary of A has two 
components; connect these components via the boundary of the twisted strip B as shown 
in Figure [1] Define the knot K to be the boundary oi AU B. Note that we can introduce 
full twists in the strip B to produce an infinite family of knots Kn, labelled by the integers, 
where the strip B of the knot Kn has 2n + 1 half twists. Then Figure [T] depicts K :— Kq 
with one positive half- twist. The Alexander polynomial of Kn is easily computed to be 

AK^{t) = (6 + 12n)t - (11 + 24ri) + (6 + 12n)t"\ 

Therefore, each knot Kn is nontrivial. For computational convenience we work with n > — 1, 
but of course similar computations can be performed for n < —1. The knot K^i is the one 
for which we are able to show the polytopes statement from Theorem [TJ 

3.2. The Seifert surfaces. Fix a basepoint p e Kn, as in Figure [TJ Observe that Kn 
bounds two Seifert surfaces 5„ :— AUB and S'n A' \JB; Figure [2l depicts So and Sq. Let 
{Yn,jn) and (i^,',74) be the sutured manifolds complementary to Sn and S'n, respectively. 
Note that in both cases p is contained in Kn, or more precisely, p is contained in the sutures 
s(7„) and s(7,'J. From now on we fix an integer n > — 1. For the remainder of this subsection 
we drop 'n' from the subscript in order to avoid cluttered notation. 




Figure 2. The two Seifert surfaces 5*0 (left) and Sq (right) for Kq. 

The torus T gives a genus one Heegaard splitting of S^ into solid tori U and V, with 
B C V. This splitting is convenient for computing the fundamental groups 7ri(Y,p) and 
Tri{Y' ,p). From now on, let V \ B and U \A stand for the manifolds obtained by removing 
the appropriate, small (collar) neighbourhoods of i? and A, respectively. Observe that V\B 
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is a genus two handlebody; let a and 6 be a generating set of 'Ki{V \ B,p) as shown in 
Figure [3] (left). Let x be the generator of ni{U,p), as shown in the same figure. Figure |3] 
(right) shows the discs Da and Df, that are dual to a and b, respectively. In the remainder 
of the paper, we compute the honiotopy class of a curve in 1/ \ _B by counting the signed 
intersections of that curve with the dual discs. 




Figure 3. Left: The curves a, b, and x in the manifolds Y and Y' . Right: 
The dual discs Da and Dt- 

In order to compute Fox derivatives, we need to know the fundamental groups of Y and 
Y' . Note that the following lemma shows that these groups are independent of n. 

Lemma 5. The fundamental groups of the two surface complements have the following 
presentations: 

TTi{Y,p) ^ {a,b,x\x^ = a'^b'^}, 
7ri(y',p) = (x,&). 

Proof. View Y as the union oiV\B and U\A, and then apply Van Kampen's theorem. In 
applying Van Kampen's theorem the only interesting point is what relations come from the 
intersection {V\B)n{U\A) = A'. Figure|l](left) tells us that the sole relation is x^ = a^b"^, 
which can be seen by following around the spine of the annulus A' and counting its signed 
intersections with the dual discs Da and Df,. So indeed 7ri(F,p) — (a, &, a;|a;'^ = a^b"^). 

Similarly, when computing 7ri(y,p), we are interested in what relations come from the 
intersection {V \B) ^{U \ A') = A. Figure |4] (right) tells us that there is again a single 
relation: = bab"^. Since a = b^^x^b^'^, it follows that 7ri(y,p) ^ Z(a;) * Z(&) . 

□ 




Figure 4. Left: spine of A' that gives the relation x^ = a^b"^ in 7ri(y,p). 
Right: spine of A that gives the relation x^ = bab^ in tti{Y' ,p). 
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Remark 5. In order to apply Proposition |4j we must know explicitly how to abelianize the 
fundamental groups. For 7ri(y,p), this is clear. For 7ri(y,p), it is convenient to introduce 
u := x~^ab £ 7ri(y,p). Then, we have x = and b = v?a^^ in homology, so Hi{Y]1j) ^ 
Z(a) ® Z(u). 

Remark 6. Actually, it can be seen from Figure [T] that the surfaces S and S" can be made 
disjoint in the complement of the knot. Take two copies of the strip, call them B and B', 
such that S ^ BU A and S' = B' U A' . Then S U S' form the boundary of a genus- two 
handlebody, and S O S' = K. See Figure [5] for an illustration in the case when n = 0. In 
particular, let W and X be the two handlebodies of the genus two splitting of given by 
U S", where W is the handlebody on Figure [S] containing the point at infinity. In other 
words, W can be thought of as ^ \ B. For a particular rt, note that W and X are sutured 
manifolds with Kn as their single suture. 

The fact that S and S' are disjoint could be used as a shortcut to compute the sutured 
torsion. To do so, first compute t{W) and t{X). Then use |JulOa[ Prop. 5.4] to "glue" 
the two torsion polynomials by Mayer- Vietoris induced maps on the level of homology and 
so obtain t{Y) and t{Y'). However, we choose not to make use of this shortcut in order 
to illustrate how Proposition U] can be used in a general situation where the two Seifert 
surfaces are not necessarily disjoint. Therefore, we compute t{Y) and t{Y') directly from 
Proposition m and just point out how t{W) and t{X) appear in this computation. See the 
beginning of subsection 13.51 for more comments. 




In order to specify the R± regions on (Y, 7) and {Y\ 7'), we fix an orientation of the knot 
and an orientation of . Suppose that these orientations are chosen so that the union of 
i?_(7) and R^{'^') forms the visible side of the genus two surface which is depicted in Figure 
[S]for the case n = 0. 

Recall that the sutured torsion of a manifold (Af, 7) is defined using the pair of spaces 
(M, i?_(7)). Let T"*"(M, 7) denote the sutured torsion computed using the same algorithm 
only with the pair of spaces (Af, i?_|_(7)). Fix an affine isomorphism l: Spin'^(A/, 7) -t- 
Hi{M). Then, Proposition 2.14 of |FJR10] gives a useful duality result, which says that, 
as elements of the group ring 'L[Hi{M)], the two torsion polynomials t{M) and t^{M) are 
equivalent up to a reflection in the origin. That is, t{M) =aoT+{M), where a is the linear 
extension of the inversion map Hi{M) Hi{M) given hy hr^ . 

Remark 7. In subsection 13.41 we compute t'^{Y') even though we write t{Y'). Once com- 
puted, the polynomial r+(y) is easily seen to be centrally symmetric, so t^{Y') = t{Y') 
and we are justified in writing t{Y') instead. 



10 



IRIDA ALTMAN 



3.3. Computing t(F„). Take a and /3 to be the generators of TTi{Sn,p) as depicted in 
Figureini Push these curves into the complement. In particular, push them into V\B; this 
operation amounts to considering the inclusion map : 7ri(i?_(7„),p) — > 'Ki{Yn,p) that 
occurs in the definition of the matrix Qy^- Next, read off the relations a = a{b~^a)"'b and 





Figure 6. The generators a and /3 of 711(5*2,^). 



/3 = ba{ba )"6a . So we have 



/3 = ba{ba-Y+\ 



It turns out that a and /? are curves entirely given in the two generators a, b. Therefore, 
their Fox derivatives with respect to x are zero. Denote by r := x^b~^a~^ the group relation 
of TTi{Yn,p). So by Proposition m 



dx 



da _ (a6-i)"+i - 1 
3a a6^i — 1 

db " " - 1 



H Z(a) ©Z(6). Then 
b 



L-l\n+l/ 



qn{a,b) = - 



a — b 
b 



n+l 





dp 




da 


b), 


dp 
db ^ 


da 


df)\ 


da 
da 


% as 


db 


db/ 


-b 


\b) 



b — baba 



-Aba-') 



l^n+l 



&a-i - 1 



{ba- 



- 1 



ba-' - 1 
as a polynomial in where 



n+l 



n+l 



(a"+i(l + fe + 52 + a62) -&"+!(! + a + a6 + a62)) . 

This polynomial appears again when we compute T(y^); see the beginning of subsection 
for an explanation. Note that 

g„+i(a,6) = a-g„(a,6) + 6"+2(l + a + a6 + a62). (1) 

Recall from Remark [5] how to abelianize 7ri(y„,p). To obtain the sutured torsion we need 
to calculate 

T(Yr.)^^{qn(a,b)-{^ + ^ + x^)), (2) 
which yields a polynomial in Z[a^^, u^'\. For a general n > 0, we have 

(1 + + u*) 



r{Yn) 



[{a^ + u^a + u^a + u'')a^''+^ - u'^+^a^ + a" + u'a^ + u^a)] . (3) 
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As qo{a, b) — l + ab^ has ah positive coefficients, it fohows from ([ij that all the coefficients 
of qn{a,b) are of the same sign. The recursive equation ([T]) together with 1^ implies that 
the coefficients of t(F„) add up to 6 + 12n, which is exactly the top term of A/<,^(t), as it 
should be by Lemma 6.4 of [FJRIO] . 

3.4. Computing t{YJ^). We follow a similar procedure to compute the sutured torsion 
of Y^. Take a and /3 to be the generators of 7ri(S'^,p) as depicted in Figure [71 As be- 
fore, push the curves into V \ B; this operation amounts to considering the inclusion map 
: 7ri(i?+(7^),p) — 7^ ■jTi{Y^,p). Therefore, what we refer to as t{Yj[) below is actually 
r+(y^); see Remark [T] Read off the relations a = ab{a~^b)^a~^ and 




Figure 7. The generators a and (3 of 7ri(S'2,p). 
/3 — ab^^ {ab^^y ab"^ . So we have 

a==a(6a-i)"+i. 

Denote by r :— x'^b^^a^^b^^ the group relation. Even though 7ri(F^,p) is a free group, 
we choose to compute t(Y^) in the presentation with three generators and one relation, in 
order to exhibit similarities with T(y„). As before, the Fox derivatives of a and /3 with 
respect to x are both zero, so again the only relevant Fox derivative of r is |^ — 1 + x + x^. 
The other Fox derivatives are: 



da 6a-i-l ' da afo-i - 1 + ^"'^ ^ ' 

Computing the polynomial q'^{a,b) :— det f ^3 ) ^ ^[^] '^^ fiii'l that q'^{a^b) = 

V aF Ob/ 

qn{a,b). Therefore, the difference between the two sutured torsion invariants comes from 
the abelianization maps. 

Recall that a = x^b~^ G Hi(Y^; Z) and make this substitution for a in the expression 

T(Y;)^^{q'Ja,b)-{l + x + x')), 

to find t{Y^) as a polynomial of Z[6*^, x^^]. For a general rt > 0, we have 

r{Y;) = + 6^ + 63 + _ fe^^+^l^^ + x^b^ + + x')] . (4) 



The same argument as before shows that the coefficients of t{Y^) add up to 6 + 12n, as 
expected. 
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3.5. Conclusion. The polynomials q{a, b) := (7„(a, 6) = q'n{0', b) and (1 + a; + x^) appear in 
the computations of t(I^) and t{Y,^) . Indeed, in both cases the sutured torsion is computed 
by abelianizing an expression of the form q{a, b) ■ (1 + x + x^). With regards to Remark |5] 
this phenomenon is not surprising. In particular, from the work we have already done, it is 
not hard to see that 

T{W)^q{a,b) £Hi{W)^Z[a^\b^^], 

t{X) = l + x + x^ e Hi{X). 

For us, these observations are useful inasmuch as they verify our computations. In general, 
if the Seifert surfaces are not disjoint, then such a verification is not at our convenience. 

Remark 8. Note that we have just shown that two vertices of the Kakimizu complex |Ka92] 
of Kn have associated to them different sutured torsions, and hence different sutured Floer 
homology groups. 

We claim that the sutured torsion invariants T(y„) and T(y^) given in ^ and @ are 
not equivalent for all n > 0. For n = 0, we have 

r(ro) - {a + u'^){l + + u'^) eZ[a±\M±i], 

T(rJ) = {b + x^){l + X + x^) eZ[6±\2;±i]. 

Inspection reveals that there is no affine isomorphism HiiYt^) — > Hi{Yq), taking one sutured 
torsion polynomial onto the other. See Figure |S] for the supports. 



a • • • b 




Figure 8. Left: the support of t[Yo). Right: the support of t{Yq). 

Remark 9. The three different shades of grey in the support of the polynomials indicate the 
"shift" of (j„(a, 6) by 1 + + u** and of <?^(a, 6) by 1 + a; + x^. 

For n = 1, the relations are 

t(Yi) = [a^ + au^ + a^v!^ + au^ + a^u^ + u^){l + 11^ + u^) e'L[a^^,u^\ 

t{YI) = {b"^ + bx^ + b'^x^ + b^x^ + b'^x^ +x^){l + x + x^) GZ[6±\a;±i]. 

Figure [5] indicates that the support of t(Yj') contains a 3 x 4 parallelogram, which cannot 
be found in the support of t(Yi). Therefore, there too is no affine isomorphism taking one 
to the other. 



a 

I • • • • • 

I — . u • • • 

Figure 9. Left: the support of t(Yi). Right: the support of t{Y{). 

Lastly, for a general n > 0, the supports of the sutured torsion follows the pattern from 
n = 1, with another parallelogram containing twelve points being added for each increase 
of n by one; see Figure (TU] The same argument as for rt = 1 shows that there is no affine 
isomorphism taking one torsion polynomial onto another, and thus t{Y^) ^ t{Y^). 

Remark 10. For n > 0, observe that the convex hulls of the supports in both cases are 
hexagons, only with sides of different length. For T{Yn) the sides of the convex hull are of 
slope —2/3, —1/6, and length n, 1, 4, respectively. On the other hand, for t{Y^) the sides of 
the convex hull are of slope —4/3, —1/3, and length n, 1, 2, respectively. So alternatively. 
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we can argue that no affine isomorphism taking one convex hull onto the other. For rt = — 1, 
see the latter part of the proof of Theorem [T] For n < — 1, the sutured torsion invariants 
can be computed similarly, and an analogous argument can be made to show that they are 
nonequivalent. 



• • • ■ • 




Figure 10. Left: the support of r(y„). Right: the support of t(F^). 



Proof of Theorem^ Let K := Kq, and set i?i := 5*0 and R2 := S'q. Then t{S^{Ri)) 7^ 
T(53(i?2))- Therefore, SFH{S^{Ri)) ^ SFH{S^{R2)) as Spin'^-graded groups. For any 
n > 0, the knots Kn together with pairs of minimal genus Seifert surfaces (S'„, S*^) have the 
same property. 

For notational convenience, in the remainder of the proof we suppress any references to 
the sutures of manifolds, as they are clearly understood. 

To prove the statement about polytopes, consider the knot K^i. 




Figure 11. The surfaces S-i and S'_i, together with a decomposing disc 
D for X. 

See Figure [TT] for an analogue of Figure [S] in the case of 1 . Since our torsion compu- 
tations hold for n = —1, we easily compute that q^i(a, b) = 1 + b, and that the two sutured 
torsion polynomials are given by the following polynomials: 

T(y_i) = {a + u^){l + u^ + u^), 
t{Y^,) = {l + b){l + x + x^). 

Next, observe that the disc Da from Figure [3] (right) gives a product decompositions of 
W^i. Similarly, the disc D in Figure [TT] gives a product decomposition of X^i. In particular, 
the two handlebodies are product decomposed into solid tori with two sutures each; in the 
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notation of Proposition [3l we have 

r(2,l;2), 

X_i -^^ T(3,4;2). 

Lemma m and Proposition [3] imply that 

SFH(W-i) = SFH{T{2, 1; 2)) = Z^, 

SFH{X^i) = SFH{T{3, 4; 2)) = 

Juhasz's decomposition formula |Ju081 Prop. 8.6] imphes that SFH(Y^i) and 
SFH{Y!_^) are isomorphic to Z^. Hence, the sutured torsion t(F_i) is the image of the 
support S'(y_i) under some affine isomorphism l: Spin'^(y_i) — > 7?i(Y_i;Z). Similarly for 
r(yi]^). By Remark[21 it follows that we can now easily compare the polytopes: Figure [T^ 
shows that P{Y^i) is a parallelogram with ratio of side lengths 1:4, whereas PiX-i) is a 
parallelogram with ratio of side lengths 1:2. Therefore, the polytopes are different. 

a 

I • • • 

• • • 

Figure 12. Left: the support of r(y_i). Right: the support of t(F!.i). 

□ 

Remark 11. We see from the sutured torsion polynomials r(F_i) and t{Y!_-^) that 
S'Fi/ (y_ 1, 7_i) and SFH{Y^i,j'_^) are supported in a single Z/2 homological grading, 
and we know that both groups are torsion-free. Therefore, the proof of Theorem [1] shows 
that the sutured torsion and the sutured Floer polytope can distinguish between Seifert 
surfaces whose complementary manifolds are sutured L-spaces [FJRIOI Def. 1.1]. 
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